We propose a new type of Landau instability in trapped Bose-Einstein condensates by a helically moving environment. In the presence of quantized vortices, the instability can cause spontaneous radiation and amplification of Kelvin waves. This study gives the microscopic understanding of the Donnelly-Glaberson instability which was known as a hydrodynamic instability in superfluid helium. The Donnelly-Glaberson instability can be a powerful tool for observing the dispersion relation of Kelvin waves, vortex reconnections, and quantum turbulence in atomic Bose-Einstein condensates.
Even if an external environment, such as a container wall, is moving in the laboratory frame, superfluid component can remain at rest in thermal equilibrium, which is frictionless flow. The thermodynamic stability of the frictionless flow is discussed with the thermodynamic energy
where E 0 , P and L are the energy, the momentum, and the angular momentum of the superfluid in the laboratory frame, respectively. Here, V and Ω refer to the linear velocity and the rotational frequency of the motion of the environment, respectively. The second term on the right-hand side of Eq. (1) is essential to the discussion for superfluid although it is usually neglected for ordinary liquid [1] . The frictionless flows are realized at local minima of the thermodynamic energy of Eq. (1) . This kind of thermodynamic consideration has been applied only to the translational (V = 0 and Ω = 0) and the rotational (V = 0 and Ω = 0) cases, which has been thoroughly studied in superfluid helium and atomic Bose-Einstein condensates (BECs) [2] . The former was applied to the famous discussion of Landau critical velocity for bulk superfluid. The latter was discussed for understanding the anomalous moment of inertia and the vortex lattice formation. The coupled situation (V = 0 and Ω = 0), which has not been known well to date, reveals a new aspect of superfluidity. In this work, we theoretically study the superfluidity under a helically moving environment with V Ω in the presence of quantized vortices in atomic BECs. It is revealed that helical vortex modes (Kelvin waves) [3] can be spontaneously radiated and amplified due to the Landau instability. This study gives a microscopic understanding of the Donnelly-Glaberson (DG) instability, which was phenomenologically understood as simple hydrodynamic instability causing the amplification of Kelvin waves on vortex lines in superfluid helium [4, 5] . This paper is organized as follows. First, we introduce the DG instability in superfluid helium with a phenomenological model for comparing with the instability in atomic BECs. Next, the DG instability is microscopically discussed in atomic BECs with the Gross-Pitaevskii (GP) and the Bogoliubov-de Gennes (BdG) models. Finally, it is shown that the DG instability can be applied to the observation of the dispersion relation of Kelvin waves, vortex reconnections [6] , and quantum turbulence [7, 8] in atomic BECs.
We now introduce an intuitive description of the DG instability in the simplest case of axial normal flow along an isolated vortex line under the vortex filament model in superfluid helium [5] . When the line is deformed into a helix with the amplitude ǫ, the wave vector k, and the angular velocity ω, the position s of the line may be parameterized with ξ as s(ξ, t) = ǫ cos(kz(ξ) − ωt)x + ǫ sin(kz(ξ) − ωt)ŷ + z(ξ)ẑ. In the localized induction approximation which neglects interactions between vortices [5] , the equation of motion of vortex lines is written as
, where we use s n = d n s/dξ n , the mutual friction coefficient α(T ) ≥ 0, the normal fluid velocity v N , and the local self-induced velocity v i . When ǫk ≪ 1, the self-induced velocity is linearized to
, the circulation quantum κ, and vortex core radius a. If the normal component is negligible at T = 0, α(T = 0) = 0, the Kelvin wave propagates keeping its initial configuration and rotating with frequency ω 0 = βk 2 . At finite temperatures under the helical normal-fluid flow with v N = Ωẑ × r + Vẑ, where Ω and V are positive constants, the initial stage of the dynamics is governed by
The mode with k is amplified or damped for ω+Ω−kV < 0 or > 0, respectively. Therefore, the vortex line becomes unstable when the velocity V exceeds the DG critical velocity
Since the instability is determined by the local configuration of the vortex lines, a similar mechanism can be ap-plied to each vortex line in more complicated cases such as vortex lattices and vortex tangles by considering the total velocity field originating from all vortices beyond the localized induction approximation [9, 10] . Thus, the DG instability plays an important role in the vortex dynamics in superfluid 4 He and 3 He-B at finite temperatures.
Let us analyze the DG instability from a thermodynamic point of view, which is not clear in the last paragraph. When the normal component, which is regarded as an external environment, moves helically with the velocity Ωẑ × r + Vẑ, we have the thermodynamic energy E(V, Ω) = E 0 −V P z −ΩL z for the superfluid component. Here, P z and L z are the momentum and the angular momentum of the superfluid component along the z-axis, respectively. Then, we suppose that the disappearance of the local minimum of the thermodynamic energy leads to the onset of the amplification of Kelvin waves. This kind of thermodynamic instability can be described by the Landau instability. However, it is difficult to analyze the instability from this view point in superfluid helium systems where the vortex dynamics was analyzed with the phenomenological model. This presents a contrast with atomic BEC systems, where calculations from first principles give exact solutions of vortex states and makes us possible to discuss Kelvin waves microscopically [11, 12, 13, 14] . By considering this phenomenon in atomic BECs, we reveal the microscopic physics of the DG instability below.
Let us consider quantized vortices in trapped BECs. For simplicity we assume periodic systems along the rotation axis and use an axisymmetric harmonic potential V t (r) = M ω 2 t ρ 2 /2 with cylindrical coordinates (ρ, θ, z), where M and ω t are the atomic mass and trapping frequency, respectively. The thermodynamic energy for the superfluid component is well described by the macroscopic wave function Ψ. Under the constraint that the total number of particles N in the system is constant, in the helically moving frame we have the thermodynamic energy
with K 0 = E 0 − µN , where µ is the chemical potential. From the potential of Eq. (4), we obtain the timedependent GP equation
withp z = −i∇ z andl z = −ir × ∇, where the units of energy, length, and time are given by the corresponding scales of the harmonic potential as ω t , b ⊥ = /M ω t , and ω −1 t , respectively. The wave function is normalized as dρρ dθ
where L is the periodicity along the z-axis. The atomic interaction is characterized by g, which is proportional to the s-wave scattering length a as g = 4πaN/b ⊥ > 0.
First, we discuss the simplest case of a straight vortex line located along the z-axis. The wave function Ψ 0 in the stationary state can be written in an axisymmetric form as Ψ 0 = ψ 0 (ρ)e iθ . Due to the symmetry of the wave function, the chemical potential µ in the co-moving frame may be defined as
ψ 0 is then independent of V and Ω. We now represent the collective modes with the perturbed wave function Ψ = Ψ 0 + δΨ. Then, a collective excitation with frequency ω is written as
where k and l refer to the wave number and the angular quantum number of the excitation along the zaxis, respectively. Here, we consider only the lowest modes along the radial direction. The normalization is
where η > 0 and δ i,i ′ is the Kronecker delta.
The lowest modes can be classified into three groups by the angular quantum number l. One group is Kelvin waves with l = −1, which deforms the vortex line into a helix [11] . The second is density waves with l = 0, which propagate keeping the condensate density axisymmetric. We call this mode the 'varicose wave' analog to classical fluid, for which the core diameter varies as the wave propagates [5] . The last group consists of surface waves with l = −1, 0, which disturb the condensate density only near the surface of the condensate.
Linearizing the GP Eq. (5) with Eq. (7), we obtain the BdG equations
. Analogous to Eq. (6), we can define the frequency ω in the co-moving frame as
where ω 0 k,l ≡ ω k,l (0, 0) is the dispersion relation in the laboratory frame. Then, u k,l and v k,l are independent of V and Ω. Figure 1 shows the dispersion relation ω 0 k,l for various l by numerically solving Eq. (5) and Eqs. (8) 
If there is at least one mode with ω < 0, the stationary state Ψ 0 is a saddle point of the thermodynamic energy of Eq. (4). Then, the state becomes thermodynamically unstable due to the Landau instability and the mode should be spontaneously radiated and amplified to decrease the thermodynamic energy of Eq. (4). The stability of the single-vortex states for V = 0 was investigated in Ref. [15] . For V = 0, the frequency of Kelvin waves becomes negative for small wave number when Ω < Ω L ≡ −ω 0 0,−1 , and the frequency of some surface wave with l > 0 becomes negative when Ω exceeds can be stabilized when Ω L < Ω < Ω U . However, even if Ω L < Ω < Ω U , the single-vortex states become unstable in the presence of V . The frequency ω k,l (V, Ω) of the mode with l becomes negative when V exceeds the Landau critical velocity
where k l is the critical wave number. Then, the mode with the angular quantum number l and the wave number k l can be spontaneously radiated due to the Landau instability. In particular, Kelvin waves with wave number k −1 are spontaneously radiated when V exceeds V −1 , which represents the onset of the DG instability due to the Landau instability. In fact, we see that the critical velocity V −1 for Kelvin waves has the same form as the DG criterion of Eq. (3) in the vortex filament model. In this way, we derived a microscopic understanding of the DG instability from the thermodynamic consideration.
To observe the DG instability, the condition V −1 < V l (l = −1) must be satisfied, because the single-vortex states become unstable due to the Landau instability exciting the other modes if V l =−1 < V < V −1 . Figure 2 shows the critical velocity V l for various l and the critical wave number k −1 obtained by Eq. (10) with the result of Fig. 1 . The critical velocities for surface waves with l < −1 are always higher than V −1 , not shown in Fig. 2 (a) . The critical velocity V 0 for varicose waves is typically higher than V −1 . This is because the dispersion relation of varicose waves is phonon-like while that of Kelvin waves is quadratic for small wave numbers (see Fig. 1 ). While the critical velocity V −1 for Kelvin waves monotonically increases with Ω, V l>0 for surface waves decreases. The increase in Ω reduces V l>0 for some l to be equal to V −1 at Ω = Ω M . Thus the DG instability can be observed in the region Ω L < Ω < Ω M . This region generally appears because the condition Ω L < Ω U is satisfied [15] and Ω M is always between Ω L and Ω U for positive g.
Next, we discuss the amplification of Kelvin waves after spontaneous radiation due to the Landau instability. In order to understand the amplification process qualitatively, we include the dissipation term phenomenologi- cally [16] in the left side of Eq. (5),
where γ(> 0) is the dissipation term. The value of γ should be determined from the interaction between an external environment and the condensate. The role of the environment, which dissipates the thermodynamic energy and thus causes Landau instability, can be played by an external potential or thermal cloud agitated by the potential [16, 17, 18] . The helical motion of the external potential can be realized in experiment. For example, a helically moving optical lattice can be made by rotating the sources of two counterpropagating laser beams with different frequencies.
Since the dissipation term in Eq. (11) decreases the thermodynamic energy of Eq. (4), the Kelvin waves with negative frequencies are amplified when V exceeds V −1 for Ω L < Ω < Ω M . We confirmed by numerically solving Eq. (11) that the amplification dynamics is qualitatively same as that of the DG instability in superfluid helium. This amplification enables us to observe the Kelvin waves [19] and their wave numbers k ∼ k −1 [ Fig. 2 (b) ] when V ∼ V −1 . From this observation, we can get the dispersion relation ω k−1,−1 = k −1 V −1 − Ω of Kelvin waves through the relation Eq. (10), which has never been experimentally obtained to date.
It is also interesting to study the DG instability in the presence of more than one vortex. In multi-vortex states, the rotational symmetry of the condensate density is broken and the excited states are no longer eigenstates of the angular momentum, which makes the above analysis of the BdG equations very complicated. It is convenient in this case to use the imaginary time propagation (ITP) of the GP Eq. (5). The ITP makes it possible to obtain the smallest critical velocity V c = min l (V l ). We numerically investigate how V c depends on Ω for g 2D = 500 and which modes are excited via the instability for states with multiple vortices (Fig. 3) . The critical velocity for each state has a maximum at a certain value of Ω. The Kelvin and surface waves are amplified to the left and right side
